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Abstract In this paper we discuss symmetries of a nonlinear wave equation that arises as a
consequence of some Riemannian metrics of signature —2. The objective of this study is to
show how geometry can be responsible in giving rise to a nonlinear inhomogeneous wave
equation rather than assuming nonlinearities in the wave equation from physical consider-
ations. We find Lie point symmetries of the corresponding wave equations and give their
solutions in two cases. Some interesting physical conclusions relating to conservation laws
such as energy, linear and angular momenta are also determined.
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1 Introduction

The wave equation has been extensively studied in literature from the point of view of its Lie
point symmetries. A detailed symmetry analysis of this equation is discussed by Cantwell
[1], Ibragimov [2] and Bluman and Kumei [3]. It is well known that in three Euclidean
space dimensions the linear wave equation admits maximal ‘/6-dimensional’ Lie algebra
of point symmetries excluding the ‘infinite symmetry’ [4]. Realistically, one would expect
that a genuinely interesting wave equation will possess non-linearities. Whereas the non-
linearities allow the wave equation to represent physically interesting situations, the difficult
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part is to justify introduction of nonlinearities? Generally nonlinearities in the wave equa-
tion are introduced by keeping in mind physical considerations such as properties of media
etc. In this work we detour from this approach and using a purely geometric consideration
construct the wave equation in a curved back ground geometry in such a way that the wave
equation inherits nonlinearity of the respective geometry in a natural way. Keeping in mind
that wave equation in 4-spacetime dimensions may be of more physical significance, we use
Lorentzian geometries of signature —2 to construct the wave equation there. In the hope
that such a study may yield interesting results, we begin by focussing our attention on two
specific Lorentzian geometries of which one admits plane symmetric static symmetry and
the other spherically symmetric non-static symmetry [5—7]. (The symmetry of a Lorentzian
metric g;; is defined through Killing vectors and a Killing vector ‘X’ is the one relative to
which the Lie derivative of the metric g;; is zero, i.e., Lxg;; = 0 [5, 6, 8].) Generally, the
wave equation constructed in a genuinely curved spacetime background will also inherit
nonlinearities of that spacetime. One method to solve this equation is to first linearize the
equation and then solve it. However, such an approach will generally dilute the elegance of
nonlinearity of that geometry. To solve the equation with geometric nonlinearity intact, we
use Lie point symmetry method [1, 3, 10]. This method allows to solve the nonlinear wave
equations with out linearizing it and is based upon finding the Lie symmetries of the equa-
tion, using these symmetries to reduce the wave equation to an ordinary differential equation
and solving the resulting differential equation. Since we are dealing with wave equations in
curved back ground settings, it may also be interesting to look into some conservation laws
admitted by the spacetime metrics. With this point in mind, we conclude work by construct-
ing certain conservation laws for the two spacetime geometries via the Noether theorem
[12]. The plan of the paper is as follows:

In the next section we derive the wave equation in a plane symmetric static spacetime
metric, find its Lie point symmetries, derive some exact solutions of the equation and con-
struct Noether symmetries that arise from a ‘natural’ Lagrangian. In Sect. 3 a similar analysis
is presented of the wave equation in spherically symmetric non-static flat Friedman metric
[8]. In Sect. 4 a procedure to construct variational conservation laws is given and some
illustrations given. A brief summary and discussion is given in the last section.

2 Wave Equation in a Plane Symmetric Static Spacetime Background

A wave equation on a Lorentzian manifold endowed with a metric g;; is given by the ex-
pression [9],

1 ..
Cu(x, 1) = 805 + 58718 0 800)9; + i) = Thyaelu(x. 1) =0, @1

where u(x, t) is some given wave function, Ff‘j = % 8" (3;8im + 3;8jm — Omgij) represents
Christoffel symbol, g/ inverse of the metric g; ; and x three space variables x, y, z. In
this section we chose a particular form of plane symmetric static spacetime. This is the
Minkowski metric in some new coordinates and was found in the process of classification
of such spacetimes by Kashif in [7]

gij = ((x/a)*, —1,—1,-1). (2.2)
Using above metric the wave equation (2.1) takes the form,

x2 X
Uy = ;(”xx +uyy + uz) + ;ux (2.3)
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To solve (2.3) we use Lie point symmetry method [3]. This method rests on finding Lie point
symmetry transformations which leave the wave equation (2.1) invariant. These transforma-
tions are given by [1, 3, 10]

X=x+e&(x,u) +0(?) fori=0,...,3 2.4)

where x and &; respectively represent variables on which the wave equation depends and
corresponding components of the symmetry generator associated with the basis x, y, z, t, u.
Similarly, using (2.4), the expressions for the derivatives of the transformed ‘dependent’
variables with respect to the transformed ‘independent’ variables become:

Uj=u;+ep’(x,u) +0(?) forj=1,2,... (2.5)

8 u

where u; = - . To solve (2.3), we start by writing symmetry generator corresponding to
the Variables x v,z,t and u

Ve 0 0 0 a d 26

mo— +nay+p8 +q8t+ ™ (2.6)

where m, n, p and ¢ and s are components of the symmetry generator V computed for

i=0,...,3 ate =0. With the symmetry generator (2.6) in hand, the next step is to prolong

it to second order [1, 3, 10]. In the four spacetime coordinates the prolonged symmetry
generator becomes

9 9
v =y 45, ; 2.7
+5— o -+ 5 — Ty 2.7

where coefficient ‘of the prolonged generator’ is a function of (x, y, z, ¢, u) and are deter-
mined by the formulae,

=Di(¢p—&uji) +&u,,,
sij = DiDj(¢p — &/uji) + EXup i),

where D; represents total derivative and subscripts of u derivative with respect to the
respective coordinates and i = j = x,y, z,t. At this stage we use symmetry criterion

(2.8)

2 . . . .
Viiu, — 21‘—2(14,0C +uyy +ug) — ;‘—zux] leq.2.3)=0 for the wave equation. Using this condi-
tion and (2.8), replacing u,, into the resulting expression and then comparing coefficients of
all derivatives and products of derivative of u, gives rise to an over-determined system of
partial differential equations:

my =0=n, = pu=qu=Guu=Suu

a’m; — x2qx =0, a’n, — xzqy =0, azpt — x2qZ =0

m—xm, +xq, =0, m—xny +xq; =0, m—xp,+xq; =0

my +n, =0, m; + p, =0, n,+p,=0

m+2xq, —xm, + azmt,, — xz(mx‘x +myy+m,—25.,)=0 2.9)
xny —a’ng; +x (. + nyy+n,,—2s,,)=0

Xpe = @ pri + X (Pax + Pyy + P = 252) =0

Xqy = @q1 + X (@ex + dyy + e — 2500 =0

2 2
XSy — A" Syt +x (SX,X + Sy.y +SZ,Z) =0
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One way to solve the above system is to follow the ab-initio method [10]. However, keeping
in mind that this is a routine calculation, we use an algebraic software [11] to solve this
system. Using this software suggests that the above system has 15 independent solutions
(also called symmetries admitted by (2.3)) and give rise to a Lie algebra of 15 Lie point
symmetries. Also the equation admits an additional arbitrary infinite-dimensional symmetry
generator, ¢(t,x,y,z)d, in ¢ which satisfies the wave equation (2.3). The 15 Lie point
symmetry generators are given in the following equations:

ay 0z ax  x 0t ox  x dt
X of 0 el z 0 X _if 0 d 442 d
—ea —_—— X— —a—— —e¢ a e [ —
$ 0x 0z x 0t ’ Zax 0z x 0t
(2.10)
t d y d _t d y
Xp=ei\y——x——a=—, Xg1=e aly——x— - —
a dy x ot a ay x ot
X + g + + 0
=Xx— —  — —
2= Ty T TS
Xis = 2xy— + (P =x*=2%) L SR
=2xy— — X =7")— — —2uy—
B yax Y ¢ ay yZaz yau
Xpy = 2xz - 4 2yz0 + (@@= x> =y O g
=2x7— — —x"=y)— —2uz—
1 “ox yzay . Y 0z “ou

At this stage we use a subalgebra of the 15 generators to reduce (2.3) to an ordinary dif-
ferential equation. Since we are dealing with wave equation in 4 spacetime variables, a
three-dimensional subalgebra of (2.10) is required to reduce (2.3) to an ordinary differential
equation. With this point in mind we choose three symmetry generators {Xs, X¢, X2} which
satisfy the commutation relation given by,

[X5, X6] =0, [X6, X12] = Xo, [X5, X12]=0.

Since our purpose is to show how solutions of the wave equation in a Lorentzian geometry
can be found using the Lie symmetry method, we present solution in only one case. All
other solutions can be found in a similar fashion. To find one solution we begin with the
subalgebra given by [Xs, X¢] = 0. Since symmetry generators commute, we can use either
of the two generators to proceed with finding solution of the wave equation [1]. We start
with X5 and write its characteristic equation as,

dx dy dz dt du

=== 2.11
0 z -y 0 0 @1

Considering "Z—y = ‘f—v from (2.11) and integrating gives o = y*> + z>. The remaining part of

characteristic equation (2.11) suggests that # = u(a). Now we re-write wave equation (2.3)
in terms of the new variable «. This can be done by expressing derivatives of the dependent
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variable ‘u’ in terms of each of y and z given by u, = g—z 2—‘? =2yu, and u, = g—“ Z—"‘ =27Uy.
Following this procedure one finds that u,, = 2u, + 49U e and u,, = 2ug + 47714, SO that

o = 4uy +4(y? + 7))y In the light of these (2.3) becomes,

x? X
Uy =— (Uyy + bty +duy) + — U (2.12)
a a

We now use symmetry generator X for further reduction. The characteristic equation for
this generator is,

dx dt da > 13

el/a = —etla(a/x) 0 2.13)
Solving above characteristic equation similar to (2.13) yields 8 =t + alnx with u = u(8).
From here we express u,, u,, u,, and u,, in terms of new variables given respectively by,
U =ug,uy = (a/x)ug, uy =ugg and u,, = (a®/x*)ugg — (a/x*)ug. These transformations
reduce (2.12) to

AUy + Uy = 0. (2.14)

With expressions for & and 8 found, we are now left with using X5 = x - + y 88‘ +z2 a~ +
7 To use it for solvmg the wave equatlon we re-write it in new varlables o and ,3 In these
varlables four terms x —, Vo a} ,Z ; and u 5 comprising X |, respectively become a 57 a 5 2y
and 21 = Wlth u —[ remaining unchanged Using these into X, transform it to X = aaﬁ +
20004 + uau. Solving its characteristic equation gives rise to the invariants y = Ina — = Zg

and u. Using this into equation (2.14) reduces it to a second order ordinary differential
equation

iy, =0, (2.15)

whose solution is u = Ay + B where A and B are arbitrary constants of integration. Lastly,
we re-cast this solution in original coordinates as

:A|:ln(y2+z2)— §(t+a1nx)] + B. (2.16)

This is an exact solution invariant under rotation in y—z, dilation in space and u coordinates
and the symmetry X¢ which seems to mimic Lorentzian spin in x.

3 Wave Equation in Spherically Symmetric Non-Static Flat Friedman Spacetime
Background

In this section we discuss solution of the wave equation in a non-static spherically symmetric
flat Friedman metric geometry [8]. The main purpose of our choosing this particular metric
is that it is one of the three Friedman Universe models which do not have time translations
invariance there. It may therefore be of interest to see how the nonlinearity shows up in the
wave equation. To solve the wave equation in this metric we use Cartesian coordinates in
which it becomes [5, 6],

ds®> =dr* — 3 dx* + dy? + dz?). (3.1
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Using (3.1) the wave equation (2.1) takes the form,
Py + 203, — (e +uyy +u) =0. (3.2)

Equation (3.2) is a highly nonlinear partial differential equation which can be solved by
following the procedure adopted in the previous example. We write the symmetry generator
associated with this equation in the basis {¢, x, y, z} as,

V=pi—i—qi—l—ri—i-ni—i-fi (3.3)

dx ay 0z u
We prolong this generator to include second derivatives and then use symmetry criterion
(refer to (2.7)) to get, V' [(t*3u, + 2t 3u, — (uyy + Uyy + Uzz)]leq.3.2) = 0. As before it
is an algebraic equation in coefficients of derivatives of u of various orders. To deal with
this equation we start by separating terms there by quadratic and cubic terms in the second
derivatives of u. Integrating the resulting expressions it is immediately found that p, g, r
are n are independent of u# whilst f is linear in u. Proceeding with further separations we
obtain the over determined system,

1 1

1 1
nt'? — t4/3n; - l7/3fm + —17/3n,, — =y, — ZIny — EtnzZ =0

2 2772
1n 1 1
37 — 1 +2py +tfiu — Etn” + W(nxx +nyy +n.)=0
1n 1 1
37 —n,+2q, +tfi — itn,, + W(n“ +nyy+n.)=0

1n 1 1
3?_nr+2r;+tfru - Etntt+m(nx”+"yy +n)=0

2n, —2t*3q, =0
2n, —2t*3p, =0

2n, —2t*3%r, =0

34
2p, +2r, =0
2py+2¢, =0
2q,+2r, =0

20" p; =2 feu = 1 pu + pre + Pyy + p: =0
_2l1/3% =2 fyu — t4/3%t + G t4yy + 4. =0
2631 =2 fo — 1Y 1 + Fyy +r;=0
P+ 2P fi = (fx + fry + f) =0
As before one can solve the above equation either by hand or by crack software [11].

Using crack one immediately finds that the above system admits 10 dimensional algebra
whose generators are given by,
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Xo=i, X1=i, Xz=i,
ox ay 9z

(RN R B S B B
ay dx’ 9z ax 9z ay

] a a a a
Xé = —2.Xy8— + (—9[2/3 +.X2 — y2 - Zz)— - 2Zya— — 6[y3— +6yl/{£,
(3.5)

a a a
X; = (=923 —x* 4+ y? +z)——2xy——22x——6tx—+6xu—
ay 0z at ou’

d 3 d 3 3
Xg=—2x7— —2yz— + (=9t** 4 x* 4 y* — %) — — 617 — + 6zu—,
8 Xzo yzay-i-( +x“+y Z)Bz Zat+ U

a d a d
Xo =Xa +y$ +Z£ +2IE,

excluding the infinite one, ¢ (¢, x, y, z)9,, where ¢ satisfies the wave equation (3.2). We now
present reduction of the wave equation to an ordinary differential equation via the three-
dimensional sub-algebra representing rotation in xy, dilation and translation in z, viz., X3 =
)cdi - y%, Xy = x— + yay + zw + 2t— and X, = . It is easy to check that each of the
three symmetry generators commute w1th each other namely their commutation relations
are zero. Writing characteristic equation for the generator X3 and solving it (cf. Sect. 2)
yields invariants given by o = x> 4 y2, ¢, z and u. Using these into the wave equation (3.2),
with simultaneously applying translation in z, becomes

By + 263U, — (dugy + 4uy) = 0. (3.6)

Equation (3.6) 1nher1ts the generator Xo which in the new coordinates becomes 2¢x rius 3t
with invariants y = -z and u. Lastly, these invariants are applied to (3.6) and 1mmed1ately
reduce it to a nonlinear second order ordinary differential equation

2 L,
_ 5)/-1-4 u, +4 §y -y Juy,, =0. (3.7

A solution of this equation is given by

Jy =9 Jy =9
u=c1+{54arctan( ”3 )+2y ”3 —24«/)/—9}02, (3.8)

_2 .
where y =a t3 with o = x2 + y2.

4 Conservation Laws

In this section we give a brief procedure to use symmetry generators for variational equa-
tions and conservation laws via Noether’s theorem. To illustrate this procedure we con-
struct one conservation law in each of the spacetime geometries considered. A current
® = (P!, ..., d") is conserved if it satisfies

D;® =0 4.1
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along the equation in question [12]. The Euler-Lagrange equations, if they exist, associated
with the equation are the system §L/6u® =0, « = 1,...,m, where §/5u® is the Euler-
Lagrange operator given by

. a=1,...,m. 4.2)

Su e Di ous

s>1 ig-is
L is referred to as a Lagrangian and a Noether symmetry operator X of L arises from a
study of the invariance properties of the associated functional

£=/ L(x,u,u(l),...,u(,))dx (43)
Q
defined over Q. If we include point dependent gauge terms fi, ..., f,, the Noether symme-
tries X are given by

XL+ LD =D f. (4.4)

Corresponding to each symmetry generator X, a conserved flow is obtained via Noether’s
theorem. The Lagrangian for the spacetime geometry given in (2.3) is,

1[a 2 2 2 2
L=— Yu — XUy — XUy, — Xu; 4.5)

Substituting this Lagrangian into (4.4), yields a subalgebra of Noether symmetries of (2.10);
the generators X4, X3 and X4 are not variational via this Lagrangian and, hence, will
not contribute a conservation law. In all we can construct twelve conservation laws via the
Noether’s theorem. In particular, we use one symmetry generator, X, = % giving time
translational invariance to construct one such example. Conservation laws corresponding
to other symmetries can be similarly constructed. The variational conservation laws with
respect to Xo = 5 are given by,

o' — L(a , 2 2 2
=73 yu,—{—xux—i—xu),—i—xuz s
<I>2=xuxu,,
4.6)
d>3:xuyu,,
&t = xu,u,.

Of the four conservation laws, the ®2, ®* and ®* correspond to three components, T;, Ty,
and T, of the energy momentum tensor, while ®' represents 7;, component. In particular,
if we restrict u,, u, and u, to zero, the ®! can be seen as some analogue of energy of the
spacetime. For the second spacetime metric (3.2) the Lagrangian is

L= %[ﬂu 23 (u? + u +ud)]. 4.7

Due to particular nature of the geometry, the Lie symmetries of the wave equation com-
pared with (3.5) are reduced, e.g, the time translational invariance does not exist any more.
To construct one variational conservation law we choose translational symmetry X, = 9,.
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This symmetry corresponds to linear momentum conservation and the four variational con-
servation laws associated with it are,

o' :—tzuxu,,

1
2 = 512”12 + 12/3(u)2( — uf — ug),
(4.8)
@’ = t2/3uxuy,

* =1*uu,.

In (2.3) the ®! mimics conserved quantity representing momentum given by 7, component
of the energy momentum tensor, while ®2, ®3 and ®* mimic three stresses in x-, y- and
z- directions respectively. In particular, if we choose a frame in which the three velocities
become zero the ®2 defines some analogue of energy of the spacetime. Conservation laws
corresponding to remaining symmetries can be similarly be constructed.

5 Discussion and Conclusion

We have considered the classical wave equation in some Lorentzian spacetime backgrounds
with a point in mind that the wave equation there may naturally inherit nonlinearity from
geometry. In this connection we have considered two spacetime metrics which respectively
represent a plane symmetric static metric [7] and flat Friedmann metric of signature —2.
For both cases we have given solutions each to show how wave equation there can be either
solved or reduced to ordinary differential equations by using the method of invariants. yield-
ing additional conservation laws that were not given previously. In his book [4] Ibragimov
suggests that in three flat space dimensions the linear wave equation admits 16-dimensional
Lie algebra of point symmetries excluding the ‘infinite symmetry’. In this study we show
that the wave equations admits fewer symmetries when it is solved on general Lorentzian
manifolds. In particular we have shown that the wave equations in plane symmetric static
spacetime admits 15 Lie point symmetries which are one less than 16 Lie point symmetries
of the wave equation in 3 Cartesian space dimensions suggested in [4]. It is presumably
a shift away effect from ‘flatness’ from Minkowski manifold to other manifolds leading
to reduction in symmetry as well as solutions of the wave equation. This shift away from
flatness of Minkowski manifold is more clear in flat Friedmann metric case where only 10
Lie point symmetries of the wave equation are recovered. There the shift away from flat-
ness is by 6 symmetry generators [4]. In fact, the alternatives to the Minkowski case do not
lend themselves to the variational case as conveniently as does the Minkowski case. Also,
it should be noted that these alternatives to the wave equation on the Minkowski manifold
are not achievable via a simple point transformation of variables on the Minkowski version.
It is hoped that solving fully nonlinear wave equation in curved spacetime background us-
ing Lie symmetry methods may provide some insight in geometry or relativity for different
manifolds.
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